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Abstract

Techniques are developed for evaluating the detector response
due to radiation from rectangularly shaped surfaces. The angular
distribution of the radiation is represented as a series of ele-
mentary functions dependent on azimuth and obliquity. Calculations
are then performed for specific rectangle shapes and detector
positions using these functlons. Sample results are given for a
plane monodirectional source of 1.25 Mev gamma rays incident on a
concrete scattering medium. These results are derived from more

extensive tabulations contained in the report.

I. Introduction
Many shielding problems require the evaluation of the response
of a detector due to radiation emerging from rectangular areas. For
example, in structure shielding, one frequently wants to know the
dose in some location due to radiation coming from a wall or ceiling.
Methods are developed in this report for evaluating the detectdr
response when the angular distribution of the radiation emerging
from the surface depends on both obliquity and azimuth, Briefly,

the azimuthal dependence of the angular distribution is expanded in




a Fourier serles and then the obliquity dependence of each Fourler
coefficient is expanded in functions of cost., The procedure has

two advantages: 1) The two expansions permit the geometry stage

of the calculation to be separated from the penetration stage.

2) Large tabulations of detailed results are unnecessary since it

is possible to represent the detector response for any complicated
rectangle~detector configuration as a linear combination of detector
responses for more elementary configurations.

Berger and Lamkin [1] have done calculations similar to those
in this report for azimuthally independent angular distributions.
They expanded the obliquity distributions into Legendre polynomlals,
and with these did calculations for specific geometrles., Hubbell,
Bach, and Lamkin [27] applied the Legendre function approach to the
case of a detector located over one corner of a rectangular radiating
surface, They prepared rather extensive tabulations of integrals
over Legendre functions for a variety of rectangle shapes and de-
tector heights,

Spencer [3], approximated (again for azimuthally independent
angular distributions) rectangular surfaces by surfaces in the shape
of circles or circular sectofs. He then made use of cumulative
integrals over the obliquity dependence to estimate the detector

response. The method was easy to apply especially when only one



or two circles {(or circular sectors) were needed to approximate the
given rectangle.

Raso and Woolf [4] have calculated the response of detectors
located opposite the center of rectangular steel barriers, Their
results are for monodirectional beams of 1,25 Mev gamma radiation
incident in planes perpendicular to the barrier and parallel to the
short side of the rectangle, A few of thelr results were compared
with results using the techniques in this paper, and satisfactory
agreement was observed.

Most gamma ray penetration calculatlons for plane sources yleld
angular distributicns for an infinite plane geometry. It is neces-
sary to introduce a schematization which represents the rectangular
geometry., This report assumes: 1) That the radiation emerges from
an infinite plane surface, 2) that the angular distribution of the
radiation is independent of the point of-emergence, 3) that the de-
tector is collimated to respond only to radiation coming from a
finite rectangular area, and 4) that the radiation undergoes no
interaction while traveling from the surface to the detector,

In Section II, the geometry on which all the calculatlions in
this report are based 1s described and the integral for the detector
response is stated. The expansioﬁ functions for the angular distribu~

tions are introduced and penetration coefficients (the expansion



coefficients for the angular distribution) and geometry coefficients
(integrals over the expansion functions for particular rectangle-
detector configurations) are defined. The geometry described in
Section II seems specialized, but in Section III, rules are given

by which general configurations can be expressed in terms of the
basic one., Results of sample calculations for a monodirectional
scurce of 1425 Mev gamma rays incident on concrete barriers are
given in Section IV, The results are based on the Monte Ca:lo

data of Berger and Morris [5].

Two appendices are given at the end of the report. Appendix A
describes thes evaluation of the geometry coefficients and gives
tables of coefficients for the basic rectangle-detector configura=-
tidn described in Section II. Tables of penetration coefficients
along withva discussion of their derivation from basic penetration
data are given in Appendix B. Data are given for source energies
of 1.25 Mev and 0.66 Mev, The 1.25 Mev data are for gamma rays
incidsnt on concrete slabs from plane monodirectional and plane
isotropic sources. The 0,66 Mev data are for gamma rays from a

plane monodirectional source incidsnt on slabs of concrete and iron.



II. Formulation and Evaluation of the Detector Response

The results in thils report are based on a corner detector

|

position in contrast to the center detector position used by
Spencer in [3]. The geometry is illustrated in Fig. 1; the

rectangle is located in the first quadrant of the xy-plane and

the detector is on the z-axis. Two parameters are needed to

describe the geometry. The first, the eccentricity, describes

the shape of the rectangle and is defined by

where £ and w are the x- and y-coordinates of the corner opposite
the origin. The second is the solid angle fraction (solid angle
in steradians divided by 2m) subtended at the detector by the
rectangle and is glven in terms of ﬂ, wy and h (the z~coordinate

of the detector) by

wz__'__tm”[ wt 7
21 /lv/hf + £+ w?

* Note that for a corner detector, @ =< 0,25,




If £(6,p) represents the angular distribution of the flux
emerging from the surface, then f(6,¢p)d2 is the detector response
due to radiation emerging from a differential area subtending a
solid angle d = d(cosB)dyp at the detector. The destector response

due to the entire rectangular area is then given by the integral,

/ P
R = fc((cme)J'o((‘P f(G)CP)) (3)

s 6, P,

where the limits of integration must take account of the size and
shape of the rectangle. An alternative way of writing the above
integral makes use of a function G(6, ey €,w) which has the property
that G(6stpye,) = 1 when the direction (6,¢) corresponds to a
point in the rectangle and G(6ytpyeyw) = 0 otherwise. The function
is a generalization of the response function defined in [1]s Using

G{Byye,w),y (3) may be written

R:ja((wv fo((P'f(GCP)G(e P, E,w) . 4)

r



In Fig. 1, the azimuth ¢ = 0 has been taken along one of the
sides of the rectangle (the x-axis), but, it is conceivable that
the angular distribution £(By0p) will be symmetric about some other
azimuth. Denoting this symmetry azimuth by ®y9 and assuming the
angular distribution to be an even function of ¢ ~ qg, the azimuthal

dependence may be expanded in a Fourier series:
00
§(0, - @) =) Fn(®) ee[mi@-0)].
m=0

The integral for the detector response (4) may then be written

s
I
(04]
R= Z fd(ceoe)fm(e) do coa[m(cp—rpo)] G(B,P,€, w)
m=0 (e _/Tr

I
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In (6), the integrals over the azimuth depend only on the
rectangle-detector configuration, but penetration and geomstry
are still linked together by the integrals over obliquity. Com-
plete separation of the penetration stage of the problem from
the geometry stage can be accomplished by expanding fm(e) in a

series of functions depending on 6, The representation

"-'- —':'-

f(e)= 2 %, (1—co0) . (7)

(=0

was chosen partly because of its simple form., The term m/2 in
the exponent was suggested by the associated Legendre functions

and insures that

when m > 0, In the remainder of this report, the coefficlents
f%m will be referred to as penetration coefficients.

Using (7), the expression for the detector response becomes
s

o d I ‘ (+2
R= Zooom% }:‘)cimjd(me)(’“ <836) z[d?m'"?G(e)‘?)e)w)
m=o (=o o -7
(8)
= = ’ 4T !
+Zobnmgo,Z‘f‘:M d (0 8)({— cnb) Jal(paén wp G(O) tp)e)w),
m=o (=0 fo) -



Defining geometry coefficients,

i
I +3 I
G, (e,«»):J,x(m 6)(1- <o) dpcomep G(6,p,6,«),
o =
/ Com (9)
¢+73 )
N Gczm (e, w)= Jal (c08) (/- ca®) N"“P”‘M mep G(G,(p,@w))
o -1
. (8) may be written

o0
00
e
R: Z m‘Ptoim Gim(e’w)
m=o0 =0
10,
o o (10)
. o
A m g . (€ w) .
+ Z wun CPO‘ Af‘LMGbm ) )
m=| (=0
The desired result, separation of the penetration stage of the
calculation from the geometrical stage, has been achieved in (10).
Information about the source radiation is carried by the symmetry

azimuth @, and the penetration coefficlents f, . The geometry

im
coefficients depend only on the choice of expansion functions
and on the size and shape of the rectangle relative to the de-

tector,




III. Arbitrary Detector Positions

The first step in applylng the geometry coefficients to a
given rectangle-detector configuration is to introduce a cartesian
coordinate system with the rectangle in the xy-plane and the z-axis
passing through the detector. The azimuth of symmetry may then be
measured from the x-axis. This section demonstrates that arbitrary
rectangle~detector configurations can be reduced to a series of
problems involving rectangles in the first quadrant, as in Fig. 1,
and that geometry coefficients are needed only for rectangles with
eccentricities ¢ = 1, These conclusions are a consequence of the
following two general rules:

Rule 1., The detector response for a given rectangle
and symmetry azimuth qg is unchanged 1f the
rectangle and symmetry azimuth are rotated
about the z~axis through an angle a as illus~-
trated in Fig. 2a (the line of sight in the
figure is parallel to the z-axis). The sym-
metry azimuth for the rectangle after rotation

is %, + .

10



Rule 2., If a given rectangle and symmetry azimuth ¢,
are reflected in any plane containing the z-
axis, the detector response for the image
rectangle is eqﬁivalent to the detector response
for the original rectangle (Fig. 2b). The
symmetry azimuth for the image rectangle is
Zq& - % where ¥ is the azimuth of the

reflecfing plane.,

As examples, consider the three off-corner detector positions
illustrated in Fig. 3. It is usually convenient to take the x~axis
parallel to one of the sides of the rectangle as is done in the
figures. In each of the three cases, component rectangles can be
defined; the i-th component rectangle has one corner at the origin
and its opposite corner at the i-th corner of the basic rectangle.
The detector response for the component rectangles in the first
quadrant can be calculated using (10). Equation (10) can be used
to calculate the detector response for those component rectangles
not in the first quadrant if they are first rotated into the first
quadrant following rule 1. Should a rectangle in the first quad—
rant have an eccentricity € > 1, the detector response can be

calculated for its image when it is reflected in the plane = e

11




The eccentricity for the image rectangle is €' = 1/e¢ and, if
the symmetry azimuth for the original rectangle is ) the
symmetry azimuth for the image rectangle is, according to

rule 2, (7/2) - ¢ o Denoting the detector response for the

i=-th component rectangle in Figs. 3a, 3b, and 3c by Ri(a),

R.(b) (c)
1

s and Ri respectively, the detector responses for the

basic rectangles are given by

(6)
(b) (b) (b) (b)
= R, - Ry - K TRy
(c) (<) (e (c) ce)

A special case of the geometry in Fiy. 3a has the detector
located opposite the center of the rectangle, and 1s called a
center detector position, If the x-axis 1s taken parallel to
the long side of the rectangle, the expression for the detector

response can be written in the explicit form

oo o e
R = #analmcpb 2: -fézm Gc' (G)w)) (1
m=o0 (=0 )

;A m
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where @ is the solid angle fraction subtended at the detector

by one of the component rectangles and € is the width-to-length
ratio of the rectangle. Equation (11) differs from (10) in one
important respect. Terms involving fim for odd values of m do

not appear in (11). This has the consequence that for azimuthally
dependent angular distributions, it is impossible to derive the
detector response for one of the component rectangles from the

response for a center detector position,

IVe An Illustration: Plane Monodirectional,
1,25 Mev Source Calculations
In this section, results of trial calculations for a source
of 1,25 Mev gamma rays incident on concrete slabs are discussed.
The normalization of the penetration coefficients 1s such that

-—Q-:r_aoeoR
D,

[+

(12)

where R is given by either (10) or (11), 6, is the obliquity of
the source radiation, and D/Do is the ratio of the scattered.
dose rate (flux) reaching the detector to the dose rate (flux)
incident on the scattering medium from the source. For a mono-

directional source, the symmnetry azimuth @, in (10) and (11) is

13




the azimuth of incidence.

Calculations using (12) and (10) have been compared with
results obtainsd by integrating (3) numerically without expand-
ing £(6,9). The sums in (10) were terminated after m = i = 4.
The percent deviation of results using (12) and (10) from re-
sults obtained by direct numerical integration is given in
Table 1 for a rectangle with thickness 1.0 mfp and eccentricity
e = 0.5 and for radiation incident with coseo = 0.5, In about
60 percent of the cases shown, the absolute deviation is less
than 5 percent., None of the deviations in the table have
absolute values greater than 15 percent. The results in the
table are fairly representative of other transmission results.
Exceptions are rectangles with very small eccentricity (e < 0.1)
where absolute deviations may be as large as 20 or 25 percent.
For reflection, if c056O < 0.5 and w << 0,1, absolute deviations
in excess of 20 percent occur often. This is because for grazing
angles of incidence, the reflected flux tends to peak strongly
for large obliquities, thus causing (7) to converge slowly.

Figure 4 shows D/Do for the rectangle-detector geometry of
Fige 1 as a function of the eccentricity € for several values

of the solid angle fraction w. The results are for radiation

14
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incident with 60 = 600, ¢, = OO, and transmitted through a
barrier 2,0 mfp thick., For large values of w, the detector
response is nearly independent of the shape of the rectangle,
but for smaller w's, the response may vary by as much as 60
percent or more as the shape changes.

The response for a center detector position and the
detectoxr response for the component rectangle in the first
quadrant are given in Fig. 5 as a function of the symmetry
azimuth G o The dashed curve represents the ratio D/Do for
the center de=tector position. Four times D/Do for the component
rectangle is given by the solid curve. The factor of four was
included to make the magnitudes of the two quantities more
nearly comparable, D/DO for the center detector position has
symmetry about not only qb = 0,y but also about %, = m/2, T, and
3m/2. In contrast, the detector response for the component
rectangle does not exhibit symmetry about any P, in the range
0= qb = 2T,

Mehlhorn, Clarke, Gold, and McMath [6] have carried out
experiments with nearly monodirectional beams of 60Co radiation
incident on square steel plates. The circles and triangles in
Fig. 6 show results of measurements of D/DO for a detector

located under the corner of the plate and for radiation incident




with Uo = 60° and G, = 0°, The experimental points all correspond
tc detector positions outside the direct beam. The solid curves
show theoretical values for equivalent mass thicknesses of concrete.
Where the experimenfal points show a definite trend with changing
solid angle fraction, the trend agrees well with the theoretical
trend. The discrepancy between the magnitudes of the experimental
and theoretical values may be due to scattering from the floor and
walls of the hole in which the detectors were located during the

experiment.

V. Conclusions

One of the original goals for the work described in this report
was to permit the estimation of the detector response for a rect-
angular barrier configuration by a fairly simple hand computation.
Given the appropriate penetration and geometry coefficients, (10)
is easy to evaluate by hand. However, in practice, hand computations
may become rather tedious. For example, for a monodirectional source,
the penetration coefficients depend on the source energy, source
obliquity, and barrier thickness, while the geometry coefficlents
depend on the eccentricity and the solid angle fraction. Thus, the
detector response may depend on as many as five variables. If it
is necessary, in a given situation, to interpolate in one or more of

these variables, (10) must be evaluated several times to get an

16



answer for a single rectangle shape and detector position. As a
resulty, the geometry and penetration coefficients were placed on
punched cards and a FORTRAN program was written to evaluate (10)

and perform some of the necessary interpolations.

Acknowledgments: The authors wish to thank Mr. Charles Eisenhauer

and Dr, Martin Berger for many helpful discussions during the

course of this work.
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Appendix A

Evaluation of the Geometry Coefficients

The geometry coefficients, defined by (9), were evaluated
for the geometry of Fig., l. To evaluate the integrals, it is
necessary to replace G(6,q,ec,@) with appropriate limits on the
range of integration, Regardless of the order in which the
integrals are evaluated, the integral taken first can be
evaluated analytically while the second must be evaluated
numerically. The limits of integration are somewhat less com-
plicated if the cosb-integration is taken first. Then

Y(gyes) S cosh =1 and 0 = ¢ < 7/2 where Y(pye,w) is given by

’7(:00? ,q)<—ta/’:'€;

| + ‘7:lcoach

%(gp)é)w):\/

Y%yl 90 .
2’/(?)6)“])3\/2 = 27 ) ¢7—ta~’"l— € .
€ +'74¢}n, P

N is given in terms of € and W by

e
2 X ) 2 2
“?:\/“If'[\mﬂz)% ¥ € et 297 ‘(’”)] ‘
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In a given situation, it may be more convenient to evaluate m by

the expression

where h is the detector helght and %iis the rectangle length,
Using the limits of integration, the expressions for the gsometry

coefficlents become

L% I
2 ;o
e -
Gi_m(e,w)"—"- dep caame d(coa0) (/- cooB) ;
° Vipe,w)
7] I
‘ 4+ f;
o _ . :
Gcm(e,w) = | dp o mep d(ce20)(1t 002 0) .
° y/(¢56)“0
Evaluating the integral over cosb gives
T/z | + G+l
G?' (€ w)=f—L*[d?mm¢[l~V(¢)6)w)]
im * ) L+ 22+
o
/T
ge [45'”
| .
o _ [ -
GLM (€,0) = Er 2+ Sdcpammtp[ V((PJE»“’)) .

o]
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Values of the geometry coefficients are given in Tables Al through
A9 for nine values of ¢, eight values of w, five values of 1, and

five values of m.

20



Appendix B

The penetration coefficients defined in Section II were de-
rived from the Monte Carlo data of Berger and Morris as follows:

First, azimuthal expansion coefficients were computed using the

- formula

N
-2 / ! JTr J
f(6)= N (I-f-i;h;rb' )_Z(l+$°j+8~j) MmN f(e)—;\:‘) )

where m s N and where N + 1 is the number of evenly spaced azimuthal

points for which the angular distributions were given. (8. is the

Nj
Kronecker & symbol). The coefficients computed using the above

formula minimize the quantity

Al o = JT :
E,(M,B): Z(,_-*S%J—:?NJ) [f(e,"—'v'—)—mzzo'fm(e)mm _&_:] ,
Jj=o

for M < N, If M =N, El(N,e) =0 [7)

Next, the penetration coefficients fim were chosen to minimize

f ..

: K I o+ 2 2
N E’z(]_‘,m): Z [‘fm(eh) = _Z fim (1- coOp) ]

k=1 ?
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where K is the number of obliquities for which the angular distribu~
tions were known and I + 1 is the number of terms in the expansion.

Penetration coefficlent data for monoenergetic, plane mono-
directional sources are given in Tables Bl through B8, The
normalization for the penetration coefficients is given by (12).

The data in Tables Bl through B6 pertain to 1.,25 Mev gamma rays
incident on concrete. For two incident directions, Table B7 contains
data for 0.66 Mev gamma rays incident on concrete., Table B8 contains
data for the same two directions for 0.66 Mev gamma rays incident on
iron,

Table B9 gives penetration coefficients for a plane isotropic
source of 1.25 Mev gamma rays with the source plane parallel to a
concrete scattering medium. Coefficients are given for scattered
radiation and for the total (scattered plus unscattered) transmitted
radiation. The coefficients for the scattered radiation were ob-
tained by integration of the 1.25 Mev monodirectional results. The

ncrnalization of the penetration coefficients is such that

I
D= EO/‘O((EO)G"Z -‘fio Gz(e)w) ,

{=o

where D is the dose rate (flux) received at the detector, EO is the
sHuUrce energy, pd(Eo) is the energy transfer coefficient for air,

and ¢ is the number of photons per second per cm2 emitted from the

source plane in all directions.
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Fige 1.

Fige 2.

Fige 3.

Fig. 4.

Figs. 5.

Figure Captions

Basic rectangle-detector geometry,

(a) Rotation of a rectangle and symmetry azimuth through
an angle a,

(b) Reflection of a rectangle and symmetry azimuth through
the plane ¢ = G .

The projection of the detector on the xy-plane is shown
at the origin,

Three off-corner detector positions, Definition of com-
ponent rectangles.

Dependence of D/Do on the eccentricity e for several values
of the solid angle fraction w. Results shown are for a
corner detector position, source energy EO = 1,25 Mev,

60 = 600, @ = OO, and a concrete scattering medium
with thickness 2,0 mfp.

Dashed curve shows D/Do for a center detector position as
a function of the symmetry azimuth %, when the rectangle
subtends a solid angle fraction w = 0.4. Solid curve
shows four times D/DO for a corner detector position
when the rectangle subtends a solid angle fraction w = 0.1,
Both curves are for EO = 1.25 Mev, 60 = 60°, and 1,0 mfp

of concrete. The rectangle has eccentricity € = 0.5,
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Figure Captions (Continued)

Fig, 6. Comparison with the experiment of Mehlhorn, et al., for a
6030 source of radiation incident with 60 = 60° and
9, = 0° on steel plates with eccentricity ¢ = 1.0 and
with the detector in a corner position. The clrcles
and triangles represent experimental results for 1 inch
and 2 inches of steel respectively. Curves (1) and (2)
are calculated results for 1.11 mfp and 2.22 mfp of

concrete respectively.
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Table 1

Percent deviation of results using (12) and (10) from results

obtained by direct numerical integration,

A negative percent devia-

tion indicates that results using (12) and (10) were smaller than

resilts obtained by numerical integration.

The values glven are

for a rectangle 1.0 mfp thick with eccentricity 0.5 and for radia-

tion incident with coseO = 0,5,

ch

(degree) 0.2 0.1 0.02
-150 2.7 11,0 14,0
-120 1.1 1.8 12,0
-90 7.6 11,0 10.0
-60 ~1.7 .7 3.1
~30 0.9 Redy -3.1
0 -0.8 1.5 -547

30 | 0.6 0.6 -6.7
60 0.6 1.9 -6.6
90 -1.8 -0.5 ~3e5
120 1.3 5.6 3.2
150 A 2,6 8,0
180 6.2 6.6 12.0
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Table B9

Penetration Coefficients for 1,25 Mev Plane Isotropic Source

Slab
Thickness \| 1 0 1 2 3 4
(mfp)
g Scattered'Radiation
1.0 0.02328 0.002676 0,05927 -0,1664 0.08758
| 2.0 0.,01609 -0.004581 ~0,02433 0.007650 0.007906
3.0 0,008504 ~0,009614 -0,01102 0.,02212 -0, 009066
440 0.004075  ~0,007605 0. 0005644, 0.,008656  ~0,005422
Scattered Radiation + Unscattered Radiation
1.0 0,05277 =0,01522 0.1846 ~0,5183 0.3030
2,0 0.02678 -0,01019 -0, 06889 0. 06644 -0,01124
3.0 0.01246 -0,01677 ~0, 02044 0.04773 -0.02209
440 0.005538 -0,01228 0,003480 0.01156  -0,008053




